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Abstract
We present a proof of the equivalence between two deductive systems for the constructive modal logic S4. On one side, an axiomatic characterization inspired by Hakli
and Negri’s system of derivations from assumptions for modal logic K, a Hilbert-style formalism designed to ensure the validity of the deduction theorem. On the other side, the
judgmental reconstruction given by Pfenning and Davies by means of a so-called dual natural deduction approach that makes a distinction between valid, true and possible formulas.
Both systems and the proof of their equivalence are formally verified using the Coq proof
assistant.

1

Introduction

The relevance of modal logic in philosophy and mathematics is well established. Moreover, its
importance in computer science has come of age. For instance, the monadic and computational
interpretations of modal logic [4, 2] for various type theories are deeply related to concurrent
and distributed computations [20, 34]. These applications entail the need for a verification
process which nowadays cannot be thought of without the help of a proof assistant.
To be able to carry out serious verification tasks with help of these software programs,
we need to provide them with an implementation of deductive methodologies akin to human
(mathematical) thinking. This poses a problem in the case of modal reasoning, where the
typical deductive systems in the literature are axiomatic or elaborated sequent calculi (see for
example [28]). Not to mention tableaux systems [8, chapter 2] which are the basis of several
theorem provers for modal logics1 . Moreover, some known natural deduction presentations
of modal logic are sophisticated formalisms that either involve the semantics, like labelled
deduction systems ([33]; see also [13] for a comprehensive overview of modal natural deduction
systems) or require some clumsy conventions that make them difficult to be implemented in a
proof assistant. For example, the use of special subproofs (boxes) and conventions in Fitch-style
systems ([3], [9], [10, section 1.6], [17, p. 34]).
In the case of constructive modal logic S4, these problems are mitigated by considering the
judgmental reconstruction of this logic proposed by Pfenning and Davies [26]. They use an approach that follows the constructive philosophy of Martin-Löf [22] by means of hypothetical and
categorical judgments. S4 is an important logic for its applications in computing, for instance in
concurrency and staged computation [4], and also for its relationship with intuitionistic, linear
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and lax logic [23]. In this direction, we hope that the here presented mechanization will assist
in the development of actual verification case studies, like the formalization of modal lambda
calculus in [11] or lax logic in [7], as well as the mechanization of Gödel’s interpretation of
intuitionistic propositional calculus in S4 [32].
Our specific goal here is to show the equivalence between this system, called dual natural
deduction by Kavvos [15] and an axiomatic system in the style of Hakli and Negri [12]. This
ensures that the dual system exactly corresponds to the more common axiomatic formalisms
for modal logic. To the best of our knowledge the literature lacks of such proof (though, for
the case of constructive necessity, this has been settled by Kaavos [15] and by our previous
work [6]). We do not pursuit indirect equivalence proofs gained from soundness/completeness
results, due to the fact that we are interested in proof-search and translation processes. These
objectives are not mentioned here due to lack of space, also we do not include a development
involving any formal semantics since it would depart from our goals.
The here exposed results extend our previous work around constructive necessity [6] by
adding the 3 possibility operator as primitive. Recall that in the constructive setting there
is no duality between 2 and 3 modal operators. The extension of the axiomatic system is
straightforward, for we only need to add the axioms pertinent to 3. However, in the case
of natural deduction, the system needs to handle not only formulas, but modal judgments
(A true, A poss) stating that a formula can be either true or possible. It is important to remark
that these qualifiers, and also that for validity, are defined following the semantic intuition,
but without any formal semantics involved. This feature allows to describe modal knowledge
syntactically, while still possing some challenges with respect to our mechanization.
The proof approach here taken was gained from a full synergy between pure mathematical
paper-and-pencil reasoning and mechanized proof attempts. This path led us to some novel
proof techniques. For instance, the admissibility of several inference rules here presented is not
proved by induction on the (height of) derivations. Instead a more simple induction on the
(length of the) contexts of proved sequents suffices (for instance, see the proof of Theorem 2.3).
This succeeds due to the fact that contexts are implemented as an inductive list data structure,
not as a set or multiset. Moreover, most of the proofs here presented make heavy use of
structural rules, whose particular shape was gained from the interactive verification process.
This is an important difference with respect to other deductive system treatments, where the
structural rules are either absent or its use is implicit, a feature that cannot be translated to
the Coq formal development.
Our exposition begins with the syntax of formulas and contexts for modal logic S4. The
axiomatic system is briefly discussed in Section 2 and the natural deduction system is developed
in Section 3. The equivalence of these systems is proved in Section 4. To close, we give some
final remarks in Section 5. The full Coq development is available at https://bitbucket.org/
luglzhuesca/mlogic-formalverif/src/master/S4 .

1.1

Formulas and contexts

We adopt in this work the characterization of the notion of modal derivability by means of
hypothetical judgments (sequents) Γ ` A where Γ is a finite collection of hypotheses, called the
context, and A is a formula. Such a sequent can be read as ‘A follows from the collection of
hypotheses Γ’. In this brief section we recall the definition of formulas and contexts.
Modal formulas are generated by the following grammar:
A, B
2

::= pn | A → B | 2A | 3A
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where pn denotes an element taken from an infinite supply of propositional variables, indexed by
a natural number. Observe that implication is the only propositional connective, in particular
we do not consider neither negation nor the constant ⊥. Therefore we will be dealing with the
implicational fragment of minimal logic [30] extended with modal operators of necessity and
possibility. A particular modal logic is generated by adding suitable axioms to a underlying
logic. It is important to remark that the logic here considered is called constructive and differs
from the classical and intuitionistic as their logic basis are not the same. Certainly, these logics
have more differences to take into account [14, 29, 31], for instance, in the constructive modal
logic does not hold the duality axiom 3A ↔ ¬2¬A nor the formula ¬3⊥ which holds in
intuitionistic modal logics.
Contexts are implemented as finite lists of formulas built from the empty list, denoted here
by ·, and a constructor that generates a new list from a given one by adding a new element to
its right-end. They are formally defined as follows:
Γ, ∆

::= · | Γ, A

Furthermore, the append operation of two contexts Γ and Γ0 is denoted with a semicolon Γ; Γ0 .

2

Axiomatic system for S4

In contrast to the usual axiomatic deductive systems, the one here presented, originally given
by Hakli and Negri in [12] for the classical modal logic K, is specifically designed to derive
theorems from hypotheses and not only from axioms or previous theorems. This is the key to
being able to validate the deduction theorem, which sometimes is considered invalid for modal
logic. The set A of axioms defining the modal logic HS4 (a Hilbert-style system for S4) is
A1
A2

A → (B → A)
(A → (A → B)) → (A → B)

K 2(A → B) → (2A → 2B)
T 2A → A
4 2A → 22A

A3
A4
3K
3T
34

(A → B → C) → (B → A → C)
(B → C) → ((A → B) → (A → C))
2(A → B) → (3A → 3B)
A → 3A
33A → 3A

From these axioms we generate a relation of modal derivability Γ `HS4 A by means of the
following inductive definition:
A∈Γ
(Hyp)
Γ `HS4 A
Γ `HS4 A
Γ0 `HS4 A → B
(MP)
Γ0 ; Γ `HS4 B

A∈A
(Ax)
Γ `HS4 A
· `HS4 A
(Nec)
Γ `HS4 2A

Let us observe that the necessitation rule allows to introduce a 2 operator only if the formula
to be boxed is a theorem and that, due to the presence of axiom 3T, there is no need for
an inference rule involving the 3 operator (though see Lemma 2.2 below). Moreover, the
modus ponens rule (MP) is stated in a multiplicative (independent contexts) style where the
context in the conclusion is the union (in our case concatenation) of the different contexts in the
3
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premises2 . The reason to use this approach is that this is the natural way for the establishment
of a correspondence of HS4 with usual axiomatic systems that do not handle hypotheses. This
choice departs from the treatment in Kavvos [15], where both axiomatic and natural deduction
systems for necessity are additive, and also posses some challenges for the formal verification,
as discussed next and in our previous work [6]. In the systems here presented both styles are
present. As shown above, the axiomatic rules are multiplicative, whereas the natural deduction
rules are additive (see page 6). This issue led to complications on the desired equivalence
proof, difficulties that are solved with the definition of suitable structural rules: permutation
and contraction in the axiomatic system (Lemma 2.1); weakening and exchange for natural
deduction system (Lemma 3.3). The peculiar shape of each of these rules contributes to a
WYSIWYG (What You See Is What You Get) proof approach (see [5]) in the sense that in
the process of checking our proof scripts, the interactive proof session that the reader develops,
corresponds straightforward to the proofs in this paper.

2.1

Admissible rules in HS4

The deduction theorem and other relevant admissible rules in HS4 are discussed next.
Theorem 2.1 (Deduction). If Γ, A `HS4 B then Γ `HS4 A → B.
Proof. Induction on Γ, A `HS4 B.
Corollary 2.1 (Cut rule). The following rule is admissible
Γ `HS4 A
Γ0 , A `HS4 B
(Cut)
Γ0 ; Γ `HS4 B
Proof. A direct consequence of the deduction theorem and modus ponens.
The converse implication of the deduction theorem or principle of detachment, is also easily
achieved.
Theorem 2.2 (Principle of detachment). If Γ `HS4 A → B then Γ, A `HS4 B.
Proof. By modus ponens of the hypothesis and A `HS4 A.
Due to the fact that contexts are lists, the deduction theorem allows us to discharge only
the last assumption in the context. To being able to discharge any hypothesis we must either
use structural rules implicitly or prove a generalization. We choose the second option and spell
out the proof which, though quite simple, serves to show the, to the best of our knowledge
novel, method of proving admissibility of an inference rule by induction on the context.
Theorem 2.3 (Generalized Deduction Theorem). The following rule is admissible:
Γ, A; Γ0 `HS4 B
(GDT)
Γ; Γ0 `HS4 A → B

2 It is more common to use the additive style, which keeps the very same context for both the premises and
the conclusion of an inference rule.

4
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Proof. Induction on Γ0 . The basis case Γ0 = · is just the Deduction Theorem 2.1. For the inductive step assume that Γ, A; Γ0 , C `HS4 B, which implies Γ, A; Γ0 `HS4 C → B by Theorem 2.1.
The I.H. yields now Γ; Γ0 `HS4 A → C → B. From this by modus ponens with an adequate
instance of axiom A3 we get Γ; Γ0 `HS4 C → A → B. Finally the principle of detachment
(Theorem 2.2) allows to conclude Γ; Γ0 , C `HS4 A → B.
Several further properties of system HS4 are gained thanks to the availability of the Deduction Theorem and its inverse. We present next some of them that will be needed later to show
the equivalence between the axiomatic and natural deduction approaches to S4.
Lemma 2.1 (Structural rules). The following rules are admissible:
Γ; Γ0 `HS4 A
(Ctx-Perm)
Γ0 ; Γ `HS4 A

Γ; Γ `HS4 A
(Ctx-cont)
Γ `HS4 A

Proof. Induction on Γ in each case. Proposition 2.3 and the detachment principle will be quite
useful.
Next we prove the admissibility of two rules that allow to prove modal formulas, namely a
rule for diamond introduction and a generalization of the neccesitation rule when a context is
non-empty but consists only of boxed formulas.
Lemma 2.2 (Modal introduction rules). The following rules are admissible
Γ2 `HS4 A
(GenNec)
Γ ; Γ0 `HS4 2A
2

Γ `HS4 A
(Dia)
Γ `HS4 3A

Proof. For the first rule, by the (Ctx-Perm) rule it suffices to show that Γ0 ; Γ2 `HS4 2A, which
is verified by induction on Γ. The second rule is directly derivable from axiom 3T and modus
ponens.

3

Natural deduction for S4

The here discussed formalism for S4, denoted NS4 , is a natural deduction system in sequent
form or S-system [13] where propositions are analyzed judgmentally. It corresponds to the
formal system for necessity and possibility presented by Pfenning and Davies in [26, Section 5],
a work based in the philosophical development of Martin-Löf Type Theory [21]. This formal
system makes an essential distinction of three basic judgments to describe knowledge without
an explicit use of worlds. The A true judgment denotes how to verify A under hypothetical
judgments. A valid represents, by means of categorical judgments, a proposition which does not
depend on true hypotheses or any particular world. Finally, A poss represents a possible truth,
which implies that A must be the only available true hypothesis in a hypothetical judgment. It
is important to remark that the semantic labels in the definition of these judgments are mere
intuitive, for there is no formal semantics involved in the following. Instead we could use labels
like global, local and unique. The distinction between valid and true hypotheses is related to
the notion of local and global assumptions of Fitting [8, p.177]. but we prefer to keep the
terminology of [26]. This approach is also discussed in [12] but it is not a motivation for their
axiomatic system with assumptions. In conclusion, the two systems discussed in this work are
not obviously related.
5
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Our natural deduction approach handles sequents of the form ∆|Γ `NS4 J, where the antecedents ∆ and Γ are contexts for valid and true hypotheses respectively, and the succedent J
is a conclusion judgment, which are judgments of truth or possibility, formally defined as:
J

::= A true | A poss

Let us observe that contexts contain formulas and not judgments as in the original formulation
where, from an strict point of view, there is only one context splitted in two parts, a feature
that would be quite complicated to implement in Coq. Instead, our choice simplifies the
presentation and implementation of both, contexts and sequents. For instance, there is no need
for an explicit judgment of validity (A valid). For the contexts are implemented as two disjoint
lists making the use of true and valid labels redundant. This kind of separated contexts is
referred to as a dual context notion by Kavvos in [15]. Also, there is no need to explicitly
consider neither hypotheses of possibility, as they are modelled by unique true assumptions,
nor judgments of validity as conclusions since they are represented by the judgment 2A true.
Another difference with the original formulation lies in the fact that, as the authors mention,
their system has an explicit propositional reasoning and only an implicit judgment reasoning,
saying that the derivability relation is subject to the inclusion of A true in A poss. The more
convenient way to implement this feature is by an explicit rule called here (TP), which converts
a True judgment into a Possibility judgment. Here, the derivability relation is mechanized by
an inductive definition, given by the inference rules below, which corresponds to a shallow
embedding of derivability. Therefore the explicit statement and use of rule (TP) is mandatory.
This rule, which can be considered as an introduction of possibility, is mentioned in [26] as an
alternative formulation, less efficient than the current system, including only the definitions for
modal operators and the rule (TP) as the introduction of the A poss judgment.
System NS4 is defined by the following inference rules:
∆|Γ, A; Γ0 `NS4 A true

(Thyp)

∆|Γ, A `NS4 B true
(→I)
∆|Γ `NS4 A → B true
∆|· `NS4 A true
(2I)
∆|Γ `NS4 2A true

∆, A; ∆0 |Γ `NS4 A true

(Vhyp)

∆|Γ `NS4 A → B true
∆|Γ `NS4 A true
(→E)
∆|Γ `NS4 B true
∆|Γ `NS4 2A true
∆, A|Γ `NS4 C true
(2E)
∆|Γ `NS4 C true

∆|Γ `NS4 2A true
∆, A|Γ `NS4 C poss
(2E-Poss)
∆|Γ `NS4 C poss
∆|Γ `NS4 A true
(TP)
∆|Γ `NS4 A poss

∆|Γ `NS4 A poss
(3I)
∆|Γ `NS4 3A true

∆|Γ `NS4 3A true
∆|A `NS4 C poss
(3E)
∆|Γ `NS4 C poss
6
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We have two starting rules corresponding to both types of hypotheses, they are stated in
the most general way allowing to infer any formula that belongs to a context, not only the first
or the last one. The rule for introduction of necessity (2 I) exactly captures the definition of
validity through a categorical judgment, whilst the rule of necessity elimination (2 E) behaves
as a substitution or cut rule where the formula 2A is used as lemma A in the valid hypotheses
in order to prove C.
The judgment A poss is explained with a combination of valid and true judgments by the
rules (2E-Poss), (TP), (3 I) and (3 E). The second elimination rule for the 2 operator is
given in order to conclude a local truth as C poss, this rule takes advantage of a lemma of
the form 2A true. The introduction and elimination rules for the 3 operator are indeed the
definition of possibility given in [26].
Let us show next the deduction of axiom 3K, leaving the other axioms of section 2 to the
reader (see the corresponding proof-terms in [26, Section 6.2]).
The sequent · |· `NS4 2(A → B) → (3A → 3B) true is derivable in NS4 .
1.
A → B | A `NS4
2.
A → B | A `NS4
3.
A → B | A `NS4
4.
A → B | A `NS4
5.
A → B | 2(A → B), 3A `NS4
6.
A → B | 2(A → B), 3A `NS4
7.
A → B | 2(A → B), 3A `NS4
8.
· | 2(A → B), 3A `NS4
9.
· | 2(A → B), 3A `NS4
10.
· | 2(A → B) `NS4
11.
· | · `NS4

3.1

A → B true
A true
B true
B poss
3A true
B poss
3B true
2(A → B) true
3B true
3A → 3B true
2(A → B) → (3A → 3B) true

(Vhyp)
(Thyp)
(→ E) 1, 2
(TP) 3
(Thyp)
(3E) 5
(3I) 6
(Thyp)
(2E) 7, 8
(→ I) 9
(→ I) 10

Admissible rules in NS4

The next statements are an abridge presentation of the structural rules included in our formalization. In there, the admissible rules here presented (and others like exchange) are similar
statements formulated for valid and true contexts combined with true and possible conclusions.
Lemma 3.1 (Weakening). The following rules are admissible
∆|Γ; Γ0 `NS4 J
(Weak-THyps)
∆|Γ, B; Γ0 `NS4 J

∆; ∆0 |Γ `NS4 J
(Weak-VHyps)
∆, B; ∆0 |Γ `NS4 J

Proof. The rules are proved by structural induction on the given derivation.
Next we prove that rules (→ I) and (3I) are invertible.
Lemma 3.2 (Inversion Introduction rules). The following rules are admissible
∆|Γ `NS4 A → B true
(Det)
∆|Γ, A `NS4 B true

∆|Γ `NS4 3A true
(3 I-Inv)
∆|Γ `NS4 A poss

Proof. The rule of detachment (Det) is a direct consequence of weakening and (→ E). The
inversion of 3-introduction is proved using rules (TP) and (3 E).
7
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The next lemma presents some generalizations for contexts of the weakening rules of
lemma 3.1.
Lemma 3.3 (Structural context rules). The following rules are admissible
• Context Weakening:
∆|Γ `NS4 J
(TCtx-WeakR)
∆|Γ; Γ0 `NS4 J
∆|Γ `NS4 J
(VCtx-WeakR)
∆; ∆0 |Γ `NS4 J

∆|Γ `NS4 J
(TCtx-WeakL)
∆|Γ0 ; Γ `NS4 J
∆|Γ `NS4 J
(VCtx-WeakL)
∆0 ; ∆|Γ `NS4 J

Proof. Each weakening rule is proved by induction on the context Γ0 , respectively ∆0 .
We can now prove a generalization of the implication introduction rule that allows to discharge any true hypotheses.
Lemma 3.4 (Generalized Implication Introduction). The following rule is admissible:
∆|Γ, A; Γ0 `NS4 B true
(Gen → I)
∆|Γ; Γ0 `NS4 A → B true
Proof. Induction on Γ0 .

3.2

Formula transference between contexts

We discuss next a result not present in [26]3 , namely a transfer process between contexts. This
is an inference principle that captures the fact that valid formulas are necessary truths, meaning
that a formula A belonging to a valid context can be considered as a necessary truth. This is
achieved by deleting A from the context of valid assumptions, while adding 2A to the context of
true hypothesis. On the other direction, we can get rid of a boxed formula in the true assumptions context by moving it without the box to the valid assumptions context. Thus converting
a boxed hypothesis into a pure propositional one. This transfer process provides an important
tool for the actual development of derivations, one that allows to replace a modal reasoning
about 2 by a pure propositional one, thus considerably simplifying the actual construction of
proofs.
Proposition 3.1 (Valid formulas are necessary truths). The following is an admissible rule
∆, A ; ∆0 |Γ `NS4 J
(ValToTrue)
∆; ∆0 |Γ, 2A `NS4 J
Proof. Induction on ∆0 .
We can iterate the application of the above property in such a way that the context of valid
formulas becomes empty, this option is not adequate for actual proof construction in NS4 , but
3 Although one could argue that this result is implicit in the dual context approach coming from exponentials
in linear logic, see [1].
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plays an important role in the desired equivalence proof of our deductive systems. To formalize
this iteration process, let us first give a convenient definition.
Definition 3.1. Given a context Σ = [A0 , . . . , An ] we define the boxed context Σ2 as Σ2 =
[2A0 , . . . , 2An ]
Corollary 3.1. If ∆|Γ `NS4 J then ·|∆2 ; Γ `NS4 J
As another corollary we obtain a rule that allows for the discharge of valid hypotheses.
Corollary 3.2 (Implication introduction for validity). Let ∆, Γ be contexts and A, B be propositions. The following rule is admissible:
∆, A; ∆0 |Γ `NS4 B true
(→I Val)
∆; ∆0 |Γ `NS4 2A → B true
Proof. Induction on ∆0 .
The above rule seems to be important for some special interpretations of the conditional, as
in the case of lax logic where the lax implication can be defined as 2A → B (see [26, Section
7]). Furthermore, the rule is invertible according to the following
Proposition 3.2 (Detachment for boxed formulas). The following rule is admissible:
∆; ∆0 |Γ `NS4 2A → B true
(2 Det)
∆, A; ∆0 |Γ `NS4 B true
Proof. Use (→ E), (2I) and weakening.
This proposition allows to prove the following version of the inverse rule of Proposition 3.1.
Proposition 3.3 (Necessary truths are valid). Let ∆, Γ, Γ0 be contexts, A be proposition and
J be a judgment. The following rule is admissible
∆|Γ, 2A ; Γ0 `NS4 J
(TrueToVal)
∆, A|Γ; Γ0 `NS4 J
Proof. Induction on Γ0 .
Together propositions 3.1 and 3.3 provide the formula transfer principle between contexts.

4

Equivalence

We come to our main contribution, a proof of the equivalence between the natural deduction
system NS4 and its axiomatic counterpart HS4 .

4.1

From HS4 to NS4

The translation of Hilbert-style to dual natural deduction proofs is straightforward. The proof
transformation consists mainly in substituting every occurrence of an axiom for its explicit
derivation in natural deduction. Moreover, as expected, the translation of a HS4 -sequent will be
a NS4 -sequent whose context of valid hypotheses is empty. In our case, we also need weakening
9
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structural rules in NS4 (lemmas 3.1 and 3.3), due to the fact that in HS4 the (MP) rule is
multiplicative whereas the (→ E) rule of NS4 is additive (context sharing).
Theorem 4.1 (From axiomatic to natural deduction proofs). If Γ `HS4 A then · |Γ `NS4 A true.
Proof. Induction on Γ `HS4 A.
A straightforward corollary makes explicit the translation of a 3-formula.
Corollary 4.1. If Γ `HS4 3A then · |Γ `NS4 A poss.

4.2

From NS4 to HS4

Now we prove the translation of natural deduction proofs to axiomatic derivations. The idea
is to follow Corollary 3.1 to empty the validity context, thus getting only a context of true
assumptions which can be directly managed in HS4 .
Theorem 4.2 (From natural deduction to axiomatic proofs). If ∆|Γ `NS4 J then ∆2 ; Γ `HS4 J t
where J t is defined as (A true)t = A and (A poss)t = 3A.
Proof. Induction on ∆|Γ `NS4 J. Due to lack of space we only show the case for (3E). Let us
assume that ∆|Γ `NS4 C poss comes from ∆|Γ `NS4 3A true and ∆|A `NS4 C poss. Our goal
is to show ∆2 ; Γ `HS4 3C. By the axiom 34 it suffices to show ∆2 ; Γ `HS4 33C. By using
the I.H ∆2 ; Γ `HS4 3A, and thanks to the rules (MP) and (Ctx-cont), it is enough to show
∆2 ; Γ `HS4 3A → 33C. But this sequent is consequence of the axiom 3K and the sequent
∆2 ; Γ `HS4 2(A → 3C), which is derivable from the I.H. ∆2 ; A `HS4 3C by the deduction
theorem and the rule (GenNec) of general neccesitation.

5

Closing remarks

In this paper we discussed the equivalence of two formal systems for the modal logic S4, namely
the axiomatic system HS4 inspired by [12] and the natural deduction system NS4 from [26]. The
former a Hilbert-style system incorporating the notion of derivability from assumptions to solve
the controversy around the provability of the deduction theorem in modal logic. The latter, a
natural deduction formalism in sequent form influenced by Martin-Löf’s notions of valid, true
and possible propositions inside hypothetical judgments. To the best of our knowledge, this
equivalence has not been addresed before in a dedicated manner, although there are works whose
goals indirectly force to define deductive systems and their equivalence proofs. For instance
the Coq formalization of Litak, et al. [19] or the work of Kobayashi [16] whose methods,
employing the sophisticated machinery of category theory and even introducing new concepts
like that of L-strong monad, are far from elementary. As showed here, we are interested in proof
translations and hence a direct equivalence proof is more suitable to reach this goal. Moreover,
a semantic approach to prove equivalence between a dual calculus and an axiomatic system
require the definition and development of the particular semantics for the dual calculus which
are not available. There are only categorical foundations as given by Kavvos [14].
All the exposed work has been verified using the Coq proof assistant. Two main choices gave
guideline to complete this paper and its formal verification. On one hand the implementation of
hypotheses collections using a simple list data structure, instead of sticking to sets or multisets,
which require more sophisticated data structures that complicate not only the automation but
the correspondence with the paper proofs. On the other hand to reconcile a high-level reasoning
10
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at the mathematical level, with low-level procedures related to interactive proof-development.
These choices originated the proof approach taken here, which allowed to present mathematical
arguments involving some uncommon proof advances like the use of induction on contexts to
show the admissibility of structural rules instead of the structural induction on derivations
which is the preferred proof methodology in the literature. Related developments of interest
involve the connections with linear logic [18], the Twelf implementation of lax logic available
in http://twelf.org/wiki/Lax_logic and some work around the S5 logic with classic [25] and
intuitionistic [24] approaches.
A forthcoming line of research consists on the study of alternative rules for manipulate and
ease the proofs of possibility judgments. For instance, an analogous rule to (→ I), where the
conclusion is a possibility judgment, would provide a way to introduce a hypothesis to such
kind of conclusions. Another future research thread of our interest is related to the design of
deductive systems adequate for interactive proof-search, along the lines of [27, Chapter 4].
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